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ABSTRACT: We present a configurational-biased lattice Monte Carlo scheme for simulating nonideal
dendrimers that satisfies detailed balance. This corrects an important shortcoming in a previous lattice
Monte Carlo scheme by Mansfield and Klushin: in a previous publication, we showed that the Mansfield
and Klushin scheme did not obey detailed balance, and that this led to surprisingly large errors in the
radius of gyration Rg and scattering form factor P(q) for ideal dendrimers. In this paper, we have calculated
the radius of gyration, the form factor, and the intramolecular density profile for g ) 1-8 self-avoiding
dendrimers and find that our results are qualitatively the same as previous results obtained by Mansfield
and Klushin (g is the generation number). This indicates that the error in the Mansfield and Klushin
scheme due to detailed balance violation is much smaller for self-avoiding dendrimers. Our other key
conclusions concerning the equilibrium properties of self-avoiding dendrimers are the following: (1) The
radius of gyration scales with the total number of monomers roughly as Rg ∝ N1/3. A more careful analysis
however shows that there is a small (∼30%) and nonmonotonic variation in the internal density of the
dendrimer with N, the form and magnitude of which are consistent with previous intrinsic viscosity results
on dendrimers. (2) The intramolecular density profile is dense core like at low dendrimer generations (g
< 5) and solid sphere like at high generations (g g 5). (3) There is some “hollowness” in the core region
of the dendrimer for higher generation dendrimers (g g 5), though the depth and extent of the hollowness
are much smaller than that predicted by the dense shell model. (4) Terminal groups of the dendrimer
are not localized at the periphery but delocalized throughout the dendrimer. The relationship between
our findings and previous theoretical and experimental studies, especially recent scattering studies on
dendrimers, is discussed.

1. Introduction
Dendrimers are highly branched molecules with

highly controlled structures and a large number of
terminal groups. Their unique molecular topology gives
rise to many striking static and dynamic properties and
offer potential applications in areas as diverse as drug
delivery, chemical catalysis, viscosity modification, etc.1,2

A key to utilizing and harnessing many of the interest-
ing properties of dendrimers lies in understanding their
molecular configurations under different conditions of
interest. Because of their exciting properties, the mo-
lecular structure of dendrimers has been the subject of
intense theoretical3-11 and experimental12-18 study over
the past 10 years.

The aim of this paper is to study the equilibrium
properties of nonideal dendrimers (i.e., where there is
nonzero interaction between monomers) using lattice
Monte Carlo simulation. A lattice Monte Carlo scheme
for simulating dendrimers that is widely referenced in
the literature is that of Mansfield and Klushin5,10

(hereafter referred to as the MK scheme). This scheme
has the advantage that it is elegant and samples phase
space efficiently. However, in a previous publication19

we showed that the MK scheme does not obey detailed
balance. In the case of ideal (i.e., phantom) dendrimers,
this led to suprisingly large errors in the radius of
gyration Rg and single particle scattering form factor
P(q) compared to known analytical results. In this
paper, we propose a lattice configurational-biased Monte
Carlo scheme that is applicable to nonideal dendrimers
and which obeys detailed balance. Specifically, we shall

use a simple cubic lattice and consider dendrimers with
a core functionality of three and a spacer length of five
lattice steps. This is in contrast to the MK scheme which
uses a diamond lattice and a spacer length of seven
lattice steps. However, we do not expect these minor
differences in microscopic details to lead to any sig-
nificant differences in the large-scale dendrimer proper-
ties.

To check whether the imposition of detailed balance
leads to similarly large errors for self-avoiding dendrim-
ers, we have calculated the radius of gyration, radial
density profiles, and scattering form factors for self-
avoiding dendrimers. In fact, we find that our results
are qualitatively the same as previous results obtained
from the MK scheme. This indicates that the error in
the MK scheme due to the violation of detailed balance
is much smaller for self-avoiding dendrimers compared
to ideal dendrimers. We discuss the possible reasons for
this in the discussion and conclusions section of this
paper.

To identify the other issues that will be addressed in
this paper, in what follows, we give a brief review of
previous theoretical and experimental work on den-
drimers. The first major theoretical study of dendrimer
properties was performed by deGennes and Hervet
using self-consistent-field theory.3 Assuming that the
monomers of each generation lie in successive concentric
shells of their own, they predicted a monomer density
profile which has a minimum in the center (i.e., the core)
of the dendrimer and which grows monotonically to the
outer edge (i.e., a dense shell morphology). They also
predicted that the radius of the dendrimer scales with
the number of monomers as R ∝ N1/5 below limiting* Corresponding author: e-mail phygg@irc.leeds.ac.uk.
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generation (above the limiting generation, i.e., the
generation above which perfect dendritic growth is no
longer possible, deGennes and Hervet predict and one
expects R ∝ N1/3 corresponding to a compact space filling
object). In contrast, Lescanec and Muthukumar4 using
a kinetic growth algorithm found the terminal spacers
to be distributed throughout the molecule with the
significant backfolding of dendritic branches leading to
a density profile that is maximum in the center and
decreases monotonically going away from the center
(i.e., a dense core morphology). They found the den-
drimer radius to scale with the number of monomers
as R ∝ N0.5 for low N (or generation) and R ∝ N0.22(0.02

for high N. Their high N result therefore agrees with
deGennes and Hervet to within simulation error. Using
a self-consistent-field method, but relaxing the con-
straint that monomers of each generation lie in succes-
sive concentric shells of their own, Boris and Rubin-
stein7 found a radial density profile very similar to
Lescanec and Muthukumar, i.e., a dense core morphol-
ogy with end monomers delocalized throughout the
molecule.

Mansfield and Klushin using the MK scheme,5,10

Murat and Grest6 and Karatasos et al.11 using molecular
dynamics, Lyulin et al.8 using Brownian dynamics, and
Scherrenberg et al.14 using molecular dynamics with
atomistic detail also find the terminal groups to be
delocalized throughout the molecule with the maximum
density occurring in the interior rather than the pe-
riphery of the dendrimer. However, there are important
differences in the density profiles found by these authors
compared to the profiles found by Lescanec and Muthu-
kumar and Boris and Rubinstein: (1) Above a system-
dependent generation number, the density profile de-
velops a well-developed plateau, the width of which
broadens with increasing generation number g. This is
akin to the density profile of a solid compact object. At
larger distances this uniform density decreases mono-
tonically to zero. (2) Around the same value of g where
a density plateau develops, the density profile also
develops a small but discernible minimum around the
core region20 (though the extent and depth of this
minimum are much smaller than what is predicted by
the dense shell model). In terms of the R vs N scaling,
in contrast to deGennes and Hervet and Lescanec and
Muthukumar, Murat and Grest find R ∝ N1/3 before the
limiting generation is reached. However, Mansfield10

using the MK scheme finds that the intrinsic viscosity
for dendrimers goes through a maximum (in his simula-
tion at g ) 6). Analyzing Mansfield’s results in terms
of the scaling relation R ∝ NR, his results indicate that
R > 1/3 at low g and R < 1/3 at high g. This is in
agreement with the predictions of Lescanec and Muthu-
kumar but in conflict with Murat and Grest.

More recently, a number of experimental papers have
appeared seeking to elucidate the structure of dendrim-
ers. The R vs molecular weight M scaling for dendrimers
has been studied by Prosa et al.13 via small-angle X-ray
scattering (SAXS), by Scherrenberg et al.14 via small-
angle neutron scattering (SANS) and viscometry, and
by Evmenenko et al.18 via SANS, and all these authors
find R ∝ M1/3, in agreement with Murat and Grest6 but
in contrast to deGennes and Hervet,3 Lescanec and
Muthukumar,4 and Mansfield.10 However, earlier vis-
cometry results from Mourey et al.12 show that the
intrinsic viscosity for dendrimers goes through a maxi-
mum (in their system at around g ) 3), in agreement

with the predictions of Lescanec and Muthukumar4,12

and Mansfield.10

Prosa et al.13 have also studied the detailed monomer
concentration profile of g ) 2-9 dendrimers (using our
counting convention for g) via SAXS and find that for g
) 6-9 dendrimers the scattering form factors were best
fit using a uniform monomer density profile. This is akin
to the hard-sphere density profile found by the authors
in refs 5, 6, 9, 10, 11, and 14. However, within the
accuracy of their data, Prosa et al. were not able to
discern a minimum near the core. Potschke et al.15,17

studying g ) 4, 5 dendrimers using SANS found by
Fourier inversion of their scattering form factor that the
monomer density profile exhibits a maximum at the
center which decays monotonically going away from the
center. This is akin to the dense core density profile
found by Lescanec and Muthukumar4 and Boris and
Rubinstein.7

To our knowldge, the most direct experimental study
probing the position of terminal groups in dendrimers
is that of Topp et al.16 Using SANS with deuterium
labeling and scattering contrast matching, Topp et al.
found for a g ) 6 dendrimer (using our counting
convention for g) that the radius of gyration of deuter-
ated terminal units was significantly larger than the
radius of gyration of the whole dendrimer. They inter-
preted these data as indicating that dendrimers have
terminal groups that are concentrated near the periph-
ery. This is in agreement with the results of deGennes
and Hervet but in opposition to virtually all other
theoretical studies. We note however that Lyulin,
Davies and Adolf,8,9 using Brownian dynamics simula-
tion, have shown that similar relative differences be-
tween the radius of gyration for terminal monomers and
the whole dendrimer are obtained from dendrimers
where it is known that terminal spacers are delocalized
throughout the molecule; their study indicates that
great care needs to be taken when inferring the location
of terminal groups from a comparison of the radius of
gyration for terminal monomers and the whole den-
drimer.

In summary, the overwhelming theoretical concensus
(apart from the study of deGennes and Hervet) is that
dendrimers consisting of flexible spacers do not have a
dense shell morphology but instead have a density that
is maximum in the interior of the dendrimer with the
density tailing off to zero going toward the periphery of
the dendrimer. In particular, the self-consistent-field
study by Boris and Rubinstein shows conclusively that
the dense shell morphology of deGennes and Hervet is
an artifact of their assumption that monomers of each
generation lie in successive concentric shells of their
own, rather than being a consequence of self-consistent
theory itself. Experimental studies of the dendrimer
density profile13,15,17 support this general theoretical
concensus. However, clearly there are still discrepancies
between the different studies (both theoretical and
experimental) concerning a number of important issues:

1. What is the correct scaling of R with N?
2. What is the correct dendrimer density profile? Is

it dense core like or solid sphere like?
3. Is there any “hollowness” near the core above a

critical generation number?
4. Are the terminal groups delocalized throughout the

molecule, or are they localized near the periphery of the
molecule? Specifically, how do the theoretically pre-
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dicted relative differences in radius of gyration compare
to the values measured by Topp et al.?16

The aim of this paper is to address all of these issues
via lattice Monte Carlo simulation.The rest of the paper
is organized as follows. In section 2 we give details of
our configurational-biased Monte Carlo scheme. The
results of our simulation and the comparison to previous
theoretical results (including the MK scheme) and
experimental results are presented in section 3, and
section 4 contains our conclusions.

2. Details of Monte Carlo Simulation

We consider a dendrimer laid out on a cubic lattice,
and we use units of length where the lattice step length
b ) 1. The central core of the dendrimer is connected to
three spacers. Each of these spacers is connected to two
other spacers, and they in turn are connected to two
other spacers, etc., so that the number of spacers
increases by a factor of 2 going from one generation to
the next. The connectivity between spacers for the first
few generations of dendrimers is illustrated in Figure
1. All spacers in the dendrimer consist of five-step walks
on the lattice. The choice of a this short spacer length
is motivated by the fact that most dendrimers studied
in practice have short spacer lengths. Note that we use
the counting convention for the generation number g
where a three arm star is considered to be a g ) 0
dendrimer.

In this paper, we shall be considering self-avoiding
dendrimers where no two monomers are allowed to
occupy the same lattice site. This corresponds to den-
drimers in an athermal solvent where the only relevant
interaction between monomers is short-range hard-core
repulsions. In practice, it is hard to generate initial
dendrimer configurations that are self-avoiding walks;
we therefore tolerate monomer overlaps at the initial
stages of the simulation but include a large energy
penalty U for monomer overlaps; i.e., the energy for
placing monomer i at lattice position ri is

where x(ri) is a counter for the number of monomers
already present at lattice position ri (x(ri) ) 0 if the
lattice site is unoccupied). For U ) 50kT, which is the
value used in our simulations, we find that the number
of monomer overlaps rapidly falls to zero in the course
of the simulation.

In our simulation, a Monte Carlo move begins with a
random selection of a spacer in the dendrimer. Follow-
ing the MK scheme, we distinguish between two types
of trial moves depending on whether the selected spacer
belongs to the last generation (i.e., an “end spacer”) or
to a generation other than the last (i.e., an “internal

spacer”). If the chosen spacer is an end spacer, an “end
wiggle” is performed, which involves only the end spacer
itself. If an internal spacer is chosen, we perform an
“internal” wiggle, which involves the selected internal
spacer and its two daughters. Together these form a
three-legged “spider” (see Figure 2).

In the MK scheme, the end wiggle is performed by
replacing the configuration of the chosen spacer by
another spacer configuration which is chosen with equal
probability from all possible spacer configurations. An
internal wiggle on the other hand is performed by
keeping the three “feet” of the spider (i.e., the nodes
where the legs of the spider terminate) stationary, while
displacing the central node of the spider to one of the
next-nearest-neighbor positions, which is chosen with
equal probability from all the possible next-nearest-
neighbor positions. Spacer states having the correct end-
to-end vector are then chosen at random in order to
bridge the gaps between each foot of the spider and the
new central node position. In ref 19, we showed that
this procedure for performing internal wiggle trial
moves together with the acceptance probability used in
the MK scheme violated detailed balance.

In contrast to the MK scheme (which is a Metropolis
Monte Carlo scheme), we perform end wiggles and
internal wiggles using a configurational-bias Monte
Carlo (CBMC) scheme.22 The main feature of CBMC is
that trial moves are no longer chosen at random but
are biased in such a way as to enhance the acceptance
probability of the new configuration. To satisfy detailed
balance (and hence remove the bias that was intro-
duced in generating trial configurations), one is required
to modify the acceptance probability from that of
Metropolis Monte Carlo (see below). Although CBMC
tends to be more complicated compared to Metropolis
Monte Carlo, for some systems, CBMC can speed up the
calculation considerably. In the context of dendrimer
simulations, CBMC has at least two advantages. First,
CBMC provides a very natural way for us to perform
internal wiggles which satisfy detailed balance (see
subsection 2.2). Second, we can bias our trial moves
energetically so that the trial states generated have
minimal monomer overlaps. This becomes a distinct
advantage when simulating dendrimers of high genera-
tion where the intramolecular monomer concentrations
are high and where the acceptance probability for
standard Metropolis trial moves can become very low
because of the high probability of monomer overlaps.
In what follows, we describe how we perform end
wiggles and internal wiggles and give other simulation
details.

2.1. End Wiggle. Once we have removed the old
terminal spacer configuration o, we build the new
terminal spacer trial configuration n monomer by
monomer. In a cubic lattice, there are six possible trial
directions for each monomer. We choose the jth trial

Figure 1. Spacer connectivity for g ) 0, 1, 2 dendrimers.

Ui ) Ux(ri) (1)

Figure 2. End wiggle and internal wiggle.
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direction for the ith monomer with probability

where â ≡ 1/kT, Ui(j) is the energy of placing the ith
monomer in the jth trial direction given by eq 1, and

The probability for making the trial move o f n is
therefore given by

where m ()5) is the total number of monomers in the
spacer, U(n) ) ∑i)1

m Ui(n) is the total energy of the trial
configuration n, and

is the Rosenbluth factor of n. We next remove the trial
configuration and retrace the old configuration o and
calculate its Rosenbluth factor W(o) in the process using
eqs 3 and 5. Finally, to satisfy detailed balance, the trial
move o f n is accepted with probability22

Note that the acceptance probability eq 6 is different
from the one used in Metropolis Monte Carlo.

2.2. Internal Wiggle. We first remove all the mono-
mers belonging to the chosen internal spacer and its two
daughters (which together have configuration o) and
rebuild the trial configuration n. One complication in
constructing the trial configuration n is the fact that
three-legged spiders with one leg connected to r0 are
required to have the other two legs terminating at r2m
and r3m (see Figure 3). We can achieve this by including
the following additional bias in the construction of trial
configurations. For the parent spacer (i ) 1 f 5), the
probability for placing monomer i in the jth trial step
is

where Ω3(ri-1 + ∆rj,r2m,r3m;m - i) is the number of ideal
(i.e., phantom) three-legged spider configurations that
start at the trial position of the ith monomer ri-1 + ∆rj
and terminate at r2m and r3m, the length of the spacers
connected to ri-1 + ∆rj, r2m, and r3m being m - i, m,
and m, respectively (see Figure 3). The function Ω3 can
be calculated beforehand and stored as a (6-dimension-
al) array (see Appendix A). The normalization factor wi
is given by

Once we have finished constructing the trial configu-
ration for the parent spacer, we proceed to construct the
two daughter spacers in turn (the choice of which
daughter to construct first is made randomly). For the
daughter spacers (i ) 6 f 10 and i ) 11 f 15), the
probability for placing monomer i in the jth trial step
is given by eqs 7 and 8 but with Ω3 replaced by Ω2(ri-1
+ ∆rj,rkm;m - i), i.e., the number of ideal linear chain
configurations with length m - i starting at ri-1 + ∆rj
and ending at rkm (rkm ) r2m and r3m respectively for
the first and second daughter). Ω2 can be calculated
analytically and is given in Appendix A.

The probability of making the trial move o f n is now
given by

where U(n) ) ∑i)1
3m Ui(n) is the total energy of the trial

configuration n and

is the Rosenbluth factor of n. The final equality in eq 9
can be obtained by noting that Ω3(ri-1,r2m,r3m;m - i +
1) ) ∑j)1

6 Ω3(ri-1 + ∆rj,r2m,r3m;m - i). We note that the
factor Ω3(r0,r2m,r3m;m) in eq 9 is the same for both o f
n and n f o. The procedure outlined above guarantees
that only trial configurations consisting of three-legged
spiders starting at r0 and terminating at r2m and r3m
are generated. For high enough overlap energies U, the
procedures in this and the previous subsection also
generate trial configurations which have minimal over-
lap with other monomers.

We next remove the trial configuration and retrace
the old configuration o and calculate its Rosenbluth
factor W(o) in the process using eqs 8 and 10. Finally,
to satisfy detailed balance, the trial move o f n is
accepted with probability22

2.3. Other Simulation Details. Two different tech-
niques were used to generate initial configurations for
the Monte Carlo simulations. In the first technique,
which produces what we call “random” initial structures,
the initial state of all the spacers in the dendrimer are

Figure 3. Generating an internal wiggle trial move in the
CBMC scheme.

Pi(j) )
exp[-âUi(j)]

wi
(2)

wi ) ∑
j′)1

6

exp[-âUi(j ′)] (3)

R(o f n) ) ∏
i)1

m

Pi(n) )
exp[-âU(n)]

W(n)
(4)

W(n) ) ∏
i)1

m

wi(n) (5)

acc(o f n) ) min(1,
W(n)
W(o)) (6)

Pi(j) )
exp[-âUi(j)]Ω3(ri-1 + ∆rj,r2m,r3m; m - i)

∑
j′)1

6

exp[-âUi(j′)]Ω3(ri-1 + ∆rj′,r2m,r3m; m - i)

)
exp[-âUi(j)]

wi

Ω3(ri-1 + ∆rj,r2m,r3m; m - i)

∑
j′)1

6

Ω3(ri-1 + ∆rj′,r2m,r3m; m - i)

(7)

wi )

∑
j)1

6

exp[-âUi(j)]Ω3(ri-1 + ∆rj,r2m,r3m; m - i)

∑
j)1

6

Ω3(ri-1 + ∆rj,r2m,r3m; m - i)

(8)

R(o f n) ) ∏
i)1

3m

Pi(n) )
exp[-âU(n)]

W(n) Ω3(r0,r2m,r3m;m)
(9)

W(n) ) ∏
i)1

3N

wi(n) (10)

acc(o f n) ) min(1,
W(n)
W(o)) (11)
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generated by randomly selecting trial directions for each
monomer. In the second technique, which produces what
we call “stretched” initial structures, a strong radial
force is applied to all the monomers in a random initial
structure until a highly stretched structure is produced.
This artificial radial force is then switched off and the
resultant dendrimer configuration used as the initital
structure for the Monte Carlo simulation. We note that
both these methods generate initial structures that
contain monomer overlaps. However, by imposing a
large energy penalty for monomer overlaps, U ) 50kT,
we found that the number of monomer overlaps rapidly
falls to zero so that there are no monomer overlaps by
the time equilibration is reached. To determine the
number of Monte Carlo steps required for equlibration
Neq for our simulation, we performed two parallel runs
for each generation of dendrimer, starting from the two
different initial structures outlined above. We define the
point where the radius of gyration (Rg) from the two
runs first converge to the same average value as the
point where thermal equilibrium has been achieved. For
example, in Figure 4 we show the radius of gyration
results for a g ) 6 dendrimer. According to our criterion,
thermal equilibrium had been achieved at Neq ) 2.5 ×
105 Monte Carlo steps. The values for Neq are reported
in Table 1 for each dendrimer generation. (The quoted
values of Neq for g ) 1-3 are in fact larger than
necessary.)

To ensure good statistics for averaging, runs of xNeq
Monte Carlo steps were performed for each simulation,
where the value of x for each dendrimer generation is
reported in Table 1 (x ) 50-500). At intervals of Neq

steps, the configuration of the dendrimer was sampled
for the following properties: (1) The radius of gyration
squared for the whole molecule and terminal spacers
only, Rg

2 and Rge
2, respectively. (2) The radial density

of all monomers Fi and terminal monomers only Fei,
where Fi and Fei are the number of monomers and
terminal monomers, respectively, over the number of
lattice sites in the ith shell, where the ith shell is the
region of space whose radial distance r from the core is
i - 1 < r e i (the i ) 1 shell includes monomers at the
central core as well). (3) The scattering form factor for
the whole molecule and terminal spacers only, P(q) and
Pe(q), respectively. The quantities Rg

2 and P(q) were
calculated from

where rj is the position vector of the jth monomer, q is
the magnitude of the scattering wave vector, and N )
3m(2g+1 - 1) + 1 is the total number of monomers in
the dendrimer (including the central core), where m )
5 is the number of monomers in a spacer. The quantities
Rge

2 and Pe(q) were calculated from eqs 12 and 13 but
with the double sums summing over terminal monomers
only, and N was replaced by the total number of
terminal monomers Ne ) 3m × 2g. Because data points
are collected at intervals of Neq steps, the data points
are essentially independent of each other so that we can
quantify the errors in our simulation easily; e.g., the
error in Rg

2 is σ/xx, where σ is the variance of Rg
2

calculated from our simulation.
An alternative and perhaps more accurate measure

of the sampling interval that is required before the
samples can be considered to be independent is the
autocorrelation interval τ (in terms of number of MC
steps). This can be defined via the normalized auto-
correlation function of the squared radius of gyration

where Rg
2(t0) and Rg

2(t0 + t) are the squared radius of
gyration after t0 and t0 + t MC steps, respectively, and
the angled brackets indicate averages over the simula-
tion after thermal equilibrium has been achieved. (The
first angled bracket in the numerator in eq 14 is
averaged over t0.) We define τ as the interval where
CRg(τ) ) e-1, and τ values for g ) 4, 5, 6 are reported in
Table 1. In Figure 5, we show the autocorrelation
function for a g ) 6 dendrimer, where according to our
definition τ ≈ 105. We note that in all cases τ is roughly
a factor of 2 less than Neq. This indicates that using a
sampling interval of Neq is adequate to obtain data
points which are essentially independent.

In our previous paper,19 we presented analytical
results for Rg

2 and P(q) for ideal dendrimers. As a
benchmark, we have checked our CBMC simulation
results for Rg

2 and P(q) in the ideal dendrimer limit (i.e.,
U ) 0) against these analytical results. We used the
same total number of Monte Carlo steps and sampling
frequency as the corresponding self-avoiding dendrimer

Figure 4. Relaxation of the radius of gyration for a g ) 6
self-avoiding dendrimer starting from stretched and random
initial structures. Neq is determined as the point where the
two runs first converge to the same average value.

Table 1. Number of Monte Carlo Steps Required for
Equlibration (Neq), the Autocorrlation Interval (τ), and

the Total Number of MC Steps xNeq Used in Our
Simulations for Each Dendrimer Generation

g Neq τ x

1 104 500
2 104 500
3 104 500
4 104 7.5 × 103 500
5 5 × 104 2.5 × 104 500
6 2.5 × 105 105 250
7 106 100
8 6 × 106 50

aThe quoted values of Neq for g ) 1-3 are in fact larger than
necessary.

Rg
2 )

1

2N2
∑
j)1

N

∑
k)1

N

(rj - rk)
2 (12)

P(q) )
1

N2
∑
j)1

N

∑
k)1

N sin(q|rj - rk|)
q|rj - rk|

(13)

CRg
(t) )

〈Rg
2(t0) Rg

2(t0 + t)〉 - 〈Rg
2〉2

〈Rg
4〉 - 〈Rg

2〉2
(14)
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for these benchmark simulations. The simulation and
analytical results for Rg for g ) 1-8 ideal dendrimers
are collected in Table 1. We find excellent agreement
(within simulation errors) between simulation and
analytical theory. The fact that our estimated simula-
tion error correctly reflects the typical discrepancy
between simulation and the exact results confirms that
our sampling interval is adequate to ensure that the
data points are essentially independent. In Figure 6, we
present Kratky plots of (qRg)2P(q) vs (qRg) comparing
our simulation to the exact analytical results for g )
1-8 ideal dendrimers. Again, we find excellent agree-
ment between simulation and analytical theory. Dis-
crepancies at high q and low g in Figure 6 are due to
differences in the microscopic details of the two ap-
proaches: the exact calculation assumed an off-lattice
Gaussian chain model for the polymer chains while the
simulation was performed for polymers on a lattice. We
expect the agreement between the two approaches to
breakdown for qb J 1. In Figure 6, the point where qb
) 1 for each g is indicated by an arrow. We see that in
fact the agreement between simulation and analytical
theory extends considerably beyond qb ) 1. These
benchmark simulations give us confidence that our
simulation code is correct and obeys detailed balance.

They also show that the total length of the MC runs
and sampling frequency used in this study are sufficient
to obtain accurate simulation data for the dendrimer
quantities of interest.

3. Results and Discussion

3.1. Scaling of Rg vs N. In Table 2, we report results
(including error bars) for the radius of gyration of the
whole dendrimer Rg and for terminal monomers only
Rg for g ) 1-8 self-avoiding dendrimers. In Figure 7,
we present a log-log plot of Rg vs N. We find the data
to roughly obey the scaling Rg ∝ N0.33(0.01, suggesting
that the dendrimer behaves like a compact, space-filling
object with constant density (i.e., fractal dimension of
3) over the range of g values studied. This is in
agreement with the molecular dynamics study of Murat
and Grest6 and numerous experimental studies men-
tioned in the Introduction.13,14,18 However, examining
the data in Figure 7 more carefully, we discern a small
but systematic deviation of the data from the constant
density scaling Rg ∝ N1/3. This deviation is made more
apparent in Figure 8 where we present a plot of the
inverse density Rg

3/N vs N. Here we clearly see that the
density of the dendrimer varies nonmonotonically with
N (or g), and the inverse density goes through a
maximum at around g ) 3 in our simulation. Assuming
that the intrinsic viscosity [η] scales roughly as Rg

3/N,
our data are in good agreement with the nonmonotonic
variation of the intrinsic viscosity [η] found experimen-
tally by Mourey et al.12 and theoretically by Lescanec
and Muthukumar4,21 and Mansfield10 using the MK
scheme. In particular, the magnitude of the inverse
density variation in our simulation agrees with the
intrinsic viscosity variation found in these studies to
within a factor of 2. For example, the ratio of the
maximum inverse density to the inverse density at g )
1 is 1.3 in our simulation, while the ratio of the
maximum intrinsic viscosity to the intrinsic viscosity
at g ) 1 is 1.3 in the viscometry study of Mourey et al.
and 2.4 in the Monte Carlo simulation of Mansfield.10

(The agreement between our results and Mansfield can
be made more quantitative by recognizing that the ratio
of the hydrodynamic radius Rh to Rg is not constant but

Figure 5. Normalized autocorrelation function of the squared radius of gyration for a g ) 6 self-avoiding dendrimer.

Figure 6. Kratky plot of scattering form factor for g ) 1-8
ideal dendrimers comparing our CBMC simulation (data
points) with the exact analytical calculation (solid lines).
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varies with g by about 50%.10) Our analysis shows that
it is possible to reconcile the Rg ∝ N1/3 scaling observed
by Murat and Grest,6 Prosa et al.,13 Scherrenberg et
al.,14 and Evmenenko et al.18 with the nonmonotonic
variation of [η] with N found by Lescanec and Muthu-
kumar,4,21 Mourey et al.,12 and Mansfield10 because the
variation in the density with molecular weight is small
(only ∼30% in our simulation). In terms of Rg vs N, a
∼30% variation in density is equivalent to a ∼10%
variation in Rg from the constant density scaling of Rg
∝ N1/3; this would be very hard to detect on a log-log
plot. Plotting Rg

3/N vs N therefore represents a more
sensitive way to pick out any subtle variations away
from constant density scaling compared to plotting Rg
vs N.

This nonmonotonic variation of dendrimer density
with generation was first predicted by Lescanec and
Muthukumar;4 they predicted that Rg

3/N ∝ N0.5 at low
N and Rg

3/N ∝ N-0.4 at high N. We include these scaling

predictions in Figure 8. Clearly, our data do not follow
their predicted scaling at high and low N. We believe
that this is due to the nonequilibrium nature of the
kinetic growth algorithm used by Lescanec and Muthu-
kumar. Their scaling predictions therefore pertain to
the specific nonequilibrium ensemble of structures
generated by their algorithm and not to the well-
equilibrated dendrimer structures used in our study.

3.2. Radial Density Profiles. In Figure 9a,b, we plot
the radial density profile for all monomers Fi and
terminal monomers only Fei for g ) 3-8 dendrimers,
where Fi and Fei are the number of monomers and
terminal monomers, respectively, over the number of
lattice sites in the ith shell, where the ith shell is the
region of space whose radial distance r from the core is
i - 1 < r e i (the i ) 1 shell includes monomers at the
central core as well). In what follows we shall use r and
i interchangeably, since they are roughly the same,
especially at large i. For all the dendrimers, a core
region of very high density is apparent near the center;
this high density rapidly decreases within two lattice
spacings from the core. For g ) 1-4 dendrimers, this
rapid decrease is followed by a more gradual monotonic
decrease of the density to zero, which is akin to the
dense core morphology found by Lescanec and Muthu-
kumar and Boris and Rubinstein. (The data for g ) 1,
2 dendrimers are not shown in Figure 9 but follow this
trend.) However for g g 5, the rapid density decrease is
followed by a local minimum at around r ) 3, which in
turn is followed by a density plateau. The width of this
constant density region increases with increasing gen-
eration so that for g ) 8 it extends to about r ) 16.
Finally at even higher r, the density plateau tails off to
zero.

We note that our radial density profiles are in good
qualitatively agreement with results obtained from the
MK scheme.5,10 This indicates that the error in the MK
scheme due to detailed balance violation is small for the
radial density profiles of self-avoiding walk dendrimers.
Our density profiles for g g 5 are also in good agreement
with the molecular dynamics simulations of Murat and
Grest6 and Karatasos, Adolf, and Davies11 and are akin
to a solid sphere morphology, albeit with a small local
minimum near the core; the extent and depth of this
minimum are much smaller though compared to the
dense shell morphology predicted by deGennes and
Hervet.3 Our results for g g 5 are however inconsistent
with the results of Lescanec and Muthukumar4 and
Boris and Rubinstein,7 who find a dense core profile
(with no minimum near the core) even for higher
generation dendrimers. The difference bewteen our
radial density profiles and the dense core profile is
especially striking when one looks at scattering form
factors, as we shall see in subsection 3.4.

Boris and Rubinstein have correctly pointed out that
the local minimum in the density profile occurs in the

Table 2. Simulation Results for Ideal Dendrimers and Self-Avoiding Dendrimers

ideal dendrimers self-avoiding dendrimers

g Rg (theory) Rg (simulation) Rg Rge ∆ Rg
3/N

1 2.21 2.19 ( 0.02 3.12 ( 0.02 3.53 ( 0.02 0.129 ( 0.008 0.662 ( 0.009
2 2.85 2.88 ( 0.02 4.36 ( 0.02 5.01 ( 0.02 0.148 ( 0.006 0.781 ( 0.009
3 3.45 3.44 ( 0.02 5.75 ( 0.02 6.55 ( 0.02 0.140 ( 0.005 0.839 ( 0.006
4 4.01 4.02 ( 0.02 7.23 ( 0.02 8.05 ( 0.02 0.113 ( 0.004 0.812 ( 0.006
5 4.53 4.53 ( 0.02 9.08 ( 0.02 9.90 ( 0.02 0.090 ( 0.003 0.792 ( 0.004
6 5.02 5.07 ( 0.03 11.24 ( 0.02 12.06 ( 0.02 0.073 ( 0.002 0.745 ( 0.004
7 5.47 5.41 ( 0.05 13.80 ( 0.03 14.62 ( 0.03 0.059 ( 0.003 0.687 ( 0.004
8 5.90 5.89 ( 0.06 16.96 ( 0.03 17.70 ( 0.03 0.044 ( 0.003 0.636 ( 0.003

Figure 7. Plot of log-log of Rg vs N together with best fit
line Rg ∝ N0.33(0.01 for self-avoiding dendrimers. The error bars
are smaller than the symbol size.

Figure 8. Plot of log Rg
3/N vs log N together with the low

and high N scaling predictions of Lescanec and Muthukumar
for self-avoiding dendrimers.
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region where the simulation data (including ours) is
least reliable due to poor statistics. To determine
whether this local minimum exists, it is therefore
imperative that one quantifies the simulation error in
this small r region. In Figure 10 we compare our
simulation results for Fi for a g ) 7 ideal dendrimer (i.e.,
U ) 0) with the exact analytical result for Fi which is
derived explicitly in Appendix B. The simulation data
in Figure 10 are obtained from MC runs of 100Neq steps

sampling every Neq steps, i.e., using the same protocol
as for a g ) 7 self-avoiding dendrimer. We find excellent
agreement between simulation and the exact results for
r g 2, indicating that our simulation results are accurate
for r g 2. We expect the accuracy of our simulation data
in the small r region to be even greater for self-avoiding
dendrimers compared to ideal dendrimers because the
presence of excluded-volume interactions should strongly
suppress concentration fluctuations. Since the local
minima in Figure 9a,b occur in the region where r g 2,
we conclude that they are real features of the density
profile for dendrimers with g g 5.

We believe that the difference between the solid
sphere like density profile (with the small density
minimum near the core) predicted by us and other
authors5,6,10,11,14 and the dense core profile found by
Lescanec and Muthukumar is due to the nonequilibrium
nature of the Lescanec-Muthukumar model, as ex-
plained in the previous subsection. On the other hand,
the dendrimer structures in the self-consistent-field
study of Boris and Rubinstein are well-annealed, so the
differences in the radial density profiles found by us and
Boris and Rubinstein clearly arise from a different
source. We believe the difference in this case may be
due to the considerably smaller effective excluded-
volume parameter used by Boris and Rubinstein (see
Figures 6 and 8 in ref 7). The high effective excluded-
volume used in our study and in refs 5, 6, 9-11, and 14
causes the monomer density to saturate (at intermedi-
ate values of r) while the much softer monomer interac-
tion potentials used by Boris and Rubinstein means that
no such saturation is seen. We may also qualitatively
understand the local minimum observed in our study
and in refs 5, 6, 9-11, and 14 as being due to an attempt
by the dendrimer to lower its overall free energy: by
stretching the central spacers, the dendrimer is able
increase its overall volume (thereby relieving the high
excluded-volume interaction energy) by paying only a
small entropic penalty (a few kT) corresponding to
stretching the few central spacers. The lack of a
minimum in the study of Boris and Rubinstein could
be due to the considerably lower excluded volume
parameter removing the driving force for such a mini-
mum.

Experimentally, Prosa et al.13 have studied the de-
tailed monomer concentration profile of g ) 2-9 den-
drimers (using our counting convention for g) via SAXS
and found that for g ) 6-9 dendrimers the scattering
form factors contained higher order peaks (up to three
higher order peaks for g ) 9). This result cannot be
explained by the dense core density profile which does
not produce any higher order peaks (see subsection 3.4).
Instead, Prosa et al. find that their scattering form
factors for g ) 6-9 dendrimers were best fit using a
solid sphere density profile, consistent with our study
and those in refs 5, 6, 9-11, and 14. This suggests that
real dendrimers with short spacer lengths tend to have
a large effective excluded-volume parameter. Potschke
et al.15,17 studying g ) 4, 5 dendrimers using SANS
found by Fourier inversion of their scattering form factor
that the monomer density profile resembles the dense
core profile predicted by Lescanec and Muthukumar4

and Boris and Rubinstein.7 This is also consistent with
our study as we find that low generation dendrimers (g
e 4 in our simulation) exhibit a dense core like density
profile. However, we note that in their study the
scattering wavevector only goes up to qRg ) 4-5. It

Figure 9. Radial density profile of monomers (solid lines) and
terminal monomers (dashed lines) for (a) g ) 3-5 and (b) g )
6-8 self-avoiding dendrimers; the curves for g ) 4, 7 are
shifted vertically by 0.15, and the curves for g ) 5, 8 are shifted
vertically by 0.3 for clarity.

Figure 10. Radial density profile of monomers for a g ) 7
ideal dendrimer; simulation (data points) vs analytical theory
(solid line).
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would be helpful to go up to marginally higher qRg
values (≈6) in order to definitely rule out the presence
of higher order peaks in the form factor, thereby
confirming that the density profile is dense core like
rather than solid sphere like.

In the studies of Prosa et al.13 and Potschke et al.,15,17

no evidence for any “hollowness” near the core was
found. For the SANS study of Potschke et al., this
absence may be due to the relatively low g values of
their dendrimers; we recall that in our simulation a
minimum was only exhibited for dendrimers with g g
5. However, given that the length scale of the minimum
is considerably smaller compared to the overall size of
the dendrimer (see Figure 9a,b), it would again be
helpful to go to higher qRg to definitively rule out such
a feature in their dendrimers. For the SAXS study of
Prosa et al., their scattering wavevector goes up to qRg
≈ 15 for their g ) 9 dendrimer (using our counting
convention for g). We estimate that this should be high
enough to discern a minimum near the core. Despite
this, no hollowness was detected by Prosa et al. We
mention two points that may be relevant to this issue.
First, a recent paper by Mansfield10 using the MK
scheme has shown that for very high generation den-
drimers (g ) 11 in his simulation) the minimum
disappears. Assuming that the imposition of detailed
balance does not qualitatively change this result, this
could explain why no minimum was discerned by Prosa
et al. for g ) 9 dendrimers. Second, we note that one of
the density profiles used by Prosa et al. to fit their form
factors contain a density minimum in the center (i.e.,
the “sphere with hole” profile; see Figure 9 in ref 13).
This profile gave reasonable though not the best fits. It
is possible therefore that the presence of a small
minimum near the center may still be consistent with
their scattering data. It would be interesting to perform
a direct inversion of the form factor (which is possible
since the density profile is centrosymmetric) to see
whether any evidence for a density minimum at the
center can be found.

3.3. Location of Terminal Groups. In Figure 9a,b,
we have plotted the radial density profiles for terminal
monomers together with the density profile of all
monomers. Clearly, for all dendrimer generations in-
vestigated in this study, the terminal groups are dis-
tributed throughout the molecule. This is in agreement
with virtually all previous theoretical studies. However,
using SANS with deuterium labeling and scattering
contrast matching, Topp et al.16 found that for a g ) 6
PAMAM dendrimer (using our counting convention for
g) the radius of gyration of deuterated terminal units,
Rge ) 39.3 ( 1.0 Å, was significantly greater than the
radius of gyration of the whole dendrimer, Rg ) 34.4 (
0.2 Å. They interpreted their data as indicating that the
terminal groups are concentrated near the periphery of
the dendrimer. In terms of the relative difference8,9

their results give ∆ ) 0.14 ( 0.03. However, Lyulin,
Davies, and Adolf8,9 have pointed out that the fact Rge
> Rg (i.e., ∆ > 0) does not necessarily imply that the
terminal groups are localized at the periphery. To
illustrate this, they studied the terminal group distribu-
tion for a g ) 5 dendrimer using Brownian dynamics:
they found that the ∆ value for this system (∆ ) 0.10 (

0.03) was close to the value found by Topp et al. (the
error bars overlap); however, it is clear that the terminal
spacers in their simulation are in fact delocalized
throughout the molecule. The study of Lyulin, Davies,
and Adolf demonstrates the important point that one
cannot infer that the terminal groups are localized at
the periphery solely from the fact that Rge > Rg (i.e., ∆
> 0). Instead, in terms of the relative difference ∆, one
requires the experimental value of ∆ to be significantly
greater than simulation values before significant local-
ization of terminal groups near the periphery can be
inferred.

Mansfield10 has calculated Rg and Rge using the MK
scheme for g ) 1-9. For g ) 6, Mansfield’s results give
∆ ) 0.074, which is significantly smaller than the value
∆ ) 0.14 ( 0.03 found by Topp et al. However, the
violation of detailed balance by the MK scheme intro-
duces uncertainties into Mansfield’s results. In Table
2, we present our simulation results for Rg, Rge, and ∆
for g ) 1-8 self-avoiding dendrimers. Interestingly, our
value for ∆ for g ) 6 (∆ ) 0.073 ( 0.002) agrees with
the value obtained from the MK scheme. This indicates
that the error in calculating Rg and Rge in the MK
scheme due to the violation of detailed balance is
probably much smaller for self-avoiding dendrimers
compared to ideal dendrimers.

Our results for ∆ as a function of g are plotted in
Figure 11 together with the experimental ∆ values of
Topp et al. and the theoretical ∆ values of Lyulin et al.
We note first of all that there is a significant variation
of ∆ with g in our simulation. We also note that for g )
5 our value for ∆ () 0.090 ( 0.003) agrees with Lyulin
et al.’s value (∆ ) 0.10 ( 0.03) to within simulation
errors. This indicates that, in contrast to Rg and Rge,
the value of ∆ may be rather insensitive to microscopic
details (e.g., spacer length, specific simulation tech-
nique, etc.) and may be primarily a function of g only.
If this is indeed the case, then our simulation curve for
∆ in Figure 11 may have some degree of universality,
applying to all dendrimers with flexible spacers, in the
absence of long-range interactions (e.g., electrostatic
interactions). To put both simulation and experimental
results into context, we have also estimated the theo-
retical maximum for ∆ as a function of g from the
following argument. Consider a dendrimer that has a
solid sphere radial density profile and that all the
terminal monomers are strongly localized in a spherical
shell at the periphery of the dendrimer. We can estimate

∆ )
Rge - Rg

Rg
(15)

Figure 11. Our simulation results for ∆ vs g for self-avoiding
dendrimers. Simulation results of Lyulin et al. for g ) 5,
experimental results of Topp et al. for g ) 6 (using our counting
convention for g), and the theoretical upper bound for ∆
(dashed curve) are also shown.
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the inner and outer radius of the shell from 4πri
3/3 ) N

- Ne and 4πr0
3/3 ) N, respectively, where N and Ne are

the number of all monomers and terminal monomers,
respectively (working in units where the monomer
length is unity). We can then easily calculate the radius
of gyration for the sphere (Rg) and the shell (Rge) from
r0 and ri.23 In Figure 11, we have plotted the theoretical
maximum value for ∆ estimated in this way as a
function of g for a spacer length m ) 5 (dashed line). In
fact, we find the value of the theoretical maximum to
be rather insensitive to variations in m so that the upper
bound for ∆ in Figure 11 may again have some degree
of universality. From Figure 11, we see that the value
of ∆ found by Topp et al. for g ) 6 (∆ ) 0.14 ( 0.03)
falls between our simulation value (∆ ) 0.073 ( 0.002)
and the theoretical maximum (∆ ) 0.17), though it is
closer to the latter than the former. This indicates that
the terminal groups in the dendrimers measured by
Topp et al. are considerably more concentrated near the
periphery compared to our predicted terminal group
distribution for g ) 6 in Figure 9b, though they are not
perfectly localized at the periphery. We emphasize
however that we have arrived at this conclusion from a
detailed comparison of Topp et al.’s data with theoretical
results, rather than from the fact that ∆ > 0.

To be sure, measuring Rg and Rge does not represent
a very accurate method for determining the distribution
of terminal groups. This is because the values of Rg and
Rge can never be very different from each other because
the major contribution to Rg comes from terminal
monomers (since terminal monomers constitute half of
all monomers and they tend to be farther away from
the center of mass). In seeking to determine the
distribution of terminal groups from the difference of
two similar numbers, we inevitably encounter large
relative errors in the measurement. This is reflected in
the rather small values for ∆ relative to the experimen-
tal uncertainty, even in the case of the theoretical
maximum for ∆. We suggest two alternatives for deter-
mining terminal group distribution which should be
more accurate. The first is to measure the radius of
gyration for internal, i.e., nonterminal, spacers Rgi and
calculate the relative difference ∆′ ) (Rge - Rgi)/Rgi. This
should be possible using SANS with contrast matching.
For the idealized scenario mentioned above, we estimate
a theoretical maximum of ∆′ ) 0.48, which is consider-
ably larger than the theoretical maximum for ∆. The
second is to perform a direct analysis of the scattering
form factor for labeled terminal groups Pe(q). We
elaborate on this in the next subsection. It would be
interesting to use one of these alternative methods to
obtain a more accurate measure of the degree to which
the terminal groups in Topp et al.'s dendrimers are
localized at the periphery.

3.4. Scattering Form Factors. In Figure 12, we
present a Kratky plot of (qRg)2P(q) vs qRg for g ) 1-8
dendrimers from our simulation data, where Rg and P(q)
is the radius of gyration and single particle scattering
form factor, respectively, of the entire dendrimer. In
Figure 12 we have also plotted P(q) for a particle having
a hard sphere profile and a dense core profile for
comparison. For the hard sphere profile

where X ) (5/3)1/2qRg, J3/2(x) ) (2/πx3)1/2(sin x - x cos

x), and Rg
2 ) (3/5)r2, where r is the radius of the

sphere.23 For the dense core profile, we note from the
work of Lescanec and Muthukumar4 and Boris and
Rubinstein7 that the radial density profiles in their
simulations resemble a Gaussian profile for dendrimers
with g g 6 (using our counting convention for g). We
therefore approximate the form factor for the dense core
profile as

which is the Guinier form factor.24 Note that our dense
core form factor neglects contributions to the scattering
from intradendrimer concentration fluctuations,7 so that
it represents a lower bound for the scattering form factor
for g g 6 dendrimers obeying the Lescanec-Muthuku-
mar model or the Boris-Rubinstein model. (The con-
tribution to the scattering from internal concentration
fluctuations is negligible for a hard sphere profile while
they are automatically included in our simulation.)

We note from Figure 12 that as we go to higher g,
the scattering form factors resemble the hard sphere
form factor more and more. In particular, higher order
peaks corresponding to solid sphere scattering begin to
develop for g g 5; this is in good agreement with our
radial density profile results where we observed a hard
sphere like profile beginning to develop for g g 5. Our
results for P(q) agree qualitatively with previous results
obtained from the MK scheme.10 This indicates that the
error in the MK scheme due to detailed balance violation
is much smaller for the form factor of self-avoiding
dendrimers compared to ideal dendrimers. Our results
are also in good agreement with the SAXS results of
Prosa et al.13 In contrast, our simulation results for g
g 6 clearly deviate from the dense core form factor for
qRg > 1. Most strikingly, our simulation data show
higher order scattering peaks while these peaks are
completely absent for the dense core model; this is
because there is no sharp boundary in the dense core
radial density profile to give rise to these higher order
peaks.

In Figure 13, we present the Kratky plot of (qRge)2Pe(q)
vs qRge for a g ) 6 dendrimer, where Rge and Pe(q) are
the radius of gyration and single particle scattering form
factor, respectively, for terminal monomers only of the
dendrimer. (The choice of g is motivated by the scat-

PHS(q) ) 9π
2 [J3/2(X)

X3/2 ]2

(16)

Figure 12. Kratky plot of the scattering form factor P(q) for
g ) 1-8 self-avoiding dendrimers (solid lines), together with
the form factor for a hard sphere profile (dot-dashed line) and
dense core profile (dashed line). The points where qb ) 1 for
each generation are indicated by arrows.

PDC(q) ) exp(- 1
3
q2Rg

2) (17)
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tering experiments of Topp et al.16) In Figure 13 we have
also plotted Pe(q) for two idealized models. The first is
where the terminal groups are uniformly distributed
throughout the dendrimer; this is approximated by
using for Pe(q) the hard sphere form factor given earlier.
The second is where the terminal groups are strongly
localized at the periphery of the dendrimer; this is
approximated by using for Pe(q) the form factor for the
spherical shell described at the end of the previous
subsection. The inner and outer radius of the shell is
given by 4πri

3/3 ) N - Ne and 4πr0
3/3 ) N, respectively,

where N and Ne are the number of all monomers and
terminal monomers, respectively, and we consider the
case where g ) 6 and the spacer length m ) 5. The
(normalized) form factor for a spherical shell is given
by23

where R ) ri/r0, X0 ) {(5/3)[(1 - R3)/(1 - R5)]}1/2qRg and
Xi ) {(5/3)[(1 - R3)/(1 - R5)]}1/2RqRg. From Figure 13,
we see that our scattering form factor results for g ) 6
are much closer to the model where the terminal groups
are delocalized compared the model where the terminal
groups are strongly localized at the periphery. This is
in good agreement with our radial density profile results
for terminal groups (Figure 9b) where we see that for g
) 6 the terminal groups are delocalized throughout the
dendrimer. We note that there is large difference
between the localized and delocalized models in the
amplitude of the second-order peak of the form factor.
This was first pointed out by Boris and Rubinstein.7 We
therefore suggest that studying the form factor of
terminal monomers Pe(q) up to the second-order scat-
tering peak (qRg ≈ 6) provides a much more direct and
accurate means for determining the distribution of
terminal groups compared to measuring Rg and Rge only.

4. Discussion and Conclusions
In this paper, we have presented a configurational-

biased Monte Carlo scheme that obeys detailed balance
and is applicable to nonideal dendrimers. We have
calculated the radius of gyration, radial density profiles,
and scattering form factors for self-avoiding dendrimers

and found that our results are qualitatively very similar
to previous results obtained using the MK scheme. This
indicates that the error in the MK scheme due to the
violation of detailed balance is much smaller for self-
avoiding dendrimers compared to ideal dendrimers. The
reason for this is probably the fact that self-avoiding
dendrimers sample a much more restricted subspace of
phase space compared to ideal dendrimers. Given that
the detailed balance condition dictates the exploration
of phase space, it is reasonable to expect that the error
due to detailed balance violation will not show up as
clearly for self-avoiding dendrimers compared to ideal
dendrimers.

From studying g ) 1-8 dendrimers, our other key
conclusions concerning the equilibrium properties of
self-avoiding dendrimers are as follows:

1. The radius of gyration scales with the total number
of monomers roughly as Rg ∝ N1/3, suggesting that
dendrimers behave like compact space-filling objects.
This is in agreement with Murat and Grest6 and many
recent scattering studies on dendrimers.13,14,18 However,
a more careful analysis shows that there is actually a
small (∼30%), nonmonotonic variation of the dendrimer
internal density with molecular weight or generation,
the form and magnitude of which are consistent with
previous intrinsic viscosity studies on dendrimers.4,10,12,21

Our analysis therefore shows that it is possible to
reconcile two apparently conflicting views in the litera-
ture concerning the scaling of Rg with N because the
variation of the internal density is small. It also shows
that plotting Rg

3/N vs N provides a more sensitive way
to pick out subtle variations away from constant density
scaling compared to plotting Rg vs N.

2. The radial density profile is dense core like for low-
generation dendrimers (g < 5) and hard sphere like for
high-generation dendrimers (g g 5). This is in good
agreement with recent scattering studies on dendrim-
ers.13,15,17

3. There is some hollowness in the core region of the
dendrimer for higher generation dendrimers (g g 5),
though depth and extent of the hollowness are much
smaller than that predicted by the dense shell model of
deGennes and Hervet.3

4. In our model, the terminal groups of the dendrimer
are not localized at the periphery but delocalized
throughout the dendrimer. Our calculated value of ∆ )
(Rge - Rg)/Rg ) 0.07 ( 0.02 for a g ) 6 dendrimer is
significantly smaller compared to the value ∆ ) 0.014
( 0.03 found by Topp et al.16 from SANS measurements
of a g ) 6 dendrimer. This indicates that the terminal
groups of Topp et al. are more localized at the periphery
compared to our model predictions. We note however
that comparing Rg and Rge represents a rather inac-
curate method for determining the distribution of end
groups, because the values of Rg and Rge can never be
very different from each other. We suggest two alterna-
tives which should be more accurate. The first is to
compare Rge with Rgi, the radius of gyration for non-
terminal spacers. The second, which follows a suggestion
by Boris and Rubinstein,7 is to study the form factor of
terminal monomers up to the second-order scattering
peak.

During the preparation of this paper, we became
aware of an alternative and complementary Monte
Carlo scheme (based on Metropolis Monte Carlo) pro-
posed by Mansfield and Jeong that corrects the MK
scheme for detailed balance violation.25 Mansfield and

Figure 13. Kratky plot of scattering form factor for terminal
monomers Pe(q) for a g ) 6 self-avoiding dendrimer (solid line).
Also plotted are Pe(q) for idealized models where the terminal
groups are delocalized (dot-dashed line) and strongly localized
at the periphery (dashed line); see text for details.

PSH(q) ) 9π
2(1 - R3)2[J3/2(X0)

X0
3/2

- R3 J3/2(Xi)

Xi
3/2 ]2

(18)
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Jeong perform a direct quantitative comparison of their
new scheme (which obeys detailed balance) with the MK
scheme for self-avoiding dendrimers. They find that for
self-avoiding dendrimers the errors in the MK scheme
are much smaller compared to those for ideal dendrim-
ers, so that previous results from the MK scheme
remain qualitatively and even semiquantitatively cor-
rect. Our finding on this issue therefore coincides with
those of Mansfield and Jeong. Mansfield and Jeong have
also calculated ∆ as a function of g, and our results agree
quantitatively with theirs (within simulation errors).
Given that their simulations are performed on a dia-
mond lattice for dendrimers with spacer lengths of seven
lattice steps, this further confirms that the ∆ vs g curve
is rather insensitive to the microscopic details of the
simulation, at least for dendrimers with flexible spacers
in the absence of long-range interactions.
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Appendix A. Calculation of Ω3

The function Ω3(r1,r2,r3;n) counts the number of ideal
three-arm star configurations with arbitrary branch
point position but where the end points of the three
arms with arm lengths n, m, and m are connected to
r1, r2, and r3, respectively (m ) 5 in our simulation);
see Figure 3. Because of translational symmetry, we can
set r1 ) 0 without loss of generality so that Ω3 )
Ω3(r2,r3;n) is in fact a six-dimensional array. Referring
to Figure 3, Ω3 can be expressed as

where Ω2(r;n) counts the number of configurations of a
linear chain of length n with end-to-end vector r, r4 is
the branch point position, and we are summing over all
possible r4. The problem of calculating Ω3 now reduces
to the calculation of Ω2(r;n). The function Ω2(r;n) ≡
Ω2(rx,ry,rz;n) can be calculated numerically or analyti-
cally. For a cubic lattice, Ω2(r;n) has been calculated
analytically by other authors.26 The result is

for |rx| + |ry| + |rz| e n and Modulo(rx + ry + rz, 2) )
Modulo(n, 2), else Ω2(rx, ry, rz;n) ) 0.27 In eq 20, n- ) (n
- |rx| - |ry| - |rz|)/2 and n+ ) (n - |rx| - |ry| + |rz|)/2.
The value of Ω3 is therefore completely defined by eqs
19 and 20.

In principle, the value for each component of r2 and
r3 can lie between -(n + m) f + (n + m). The function
Ω3 therefore a 6-dimensional array of size (2n + 2m +
1)6, which is very large even for modest values of m and

n. However, the size of Ω3 can be reduced significantly
by exploiting its symmetries. In a cubic lattice, these
are that Ω3(r2,r3;n) is invariant under the following:

1. changing signs of the components of r2 and r3, i.e.,

2. permutations of components of r2 and r3, i.e.,

Using operations 1 and 2, therefore, we can map an
arbitrary r2 to the region of space where r2x, r2y, r2z > 0
and r2x > r2y > r2z without loss of generality. Note that
the same operations have to be applied to r3 as well,
but in general, r3 will be in an arbitrary region of
coordinate space. We can therefore represent Ω3 by an
array of size roughly (n + m) × (m + n)/2 × (m + n)/3
× (2n + 2m + 1)3. This represents a reduction in size
by a factor of roughly 8 × 6 ) 48. Within this restricted
domain of r2 and r3 values, many of the elements of Ω3
will in fact be zero because of the physical constraints
imposed on r2 ≡ (r2x, r2y, r2z) and r3 ≡ (r3x, r3y, r3z) by
chain connectivity. Specifically, a necessary (but not
sufficient) condition that 0, r2, and r3 are connected by
a three-arm star with arm lengths n, m, and m is that
the components of r2 and r3 to obey all of the conditions
below

otherwise Ω3 ) 0.
In our simulation, the function Ω3 is calculated

beforehand within the restricted domain 0 e r2x e n +
m, 0 e r2y e (n + m)/2, 0 e r2z e (n + m)/3, -(n + m) e
r3x e n + m, -(n + m) e r3y e n + m, -(n + m) e r3z e
n + m. Within this domain, r2 and r3 are first tested to
see whether they satisfy the conditions given by eqs
21a-21f. If they satisfy these conditions, Ω3 is calcu-
lated using eqs 19 and 20; otherwise Ω3 ) 0. These
results for Ω3 are stored as a (6-dimensional) array.
When calling the function Ω3(r2,r3;n) in our program,
we first test whether r2 and r3 satisfy the conditions
given by eqs 21a-21f. If they fail the test, Ω3 ) 0. If
they pass the test, we perform some simple symmetry
operations on r2 and r3 so that r2 lies in the domain of
Ω3 and call Ω3.

Appendix B. Analytical Calculation of Gi for an
Ideal Dendrimer

In this appendix, we calculate Fi, the monomer density
in the ith shell. The starting point of our calculation is
the expression for the dendrimer monomer density F(r)

Ω3(r2x, r2y, r2z;r3x, r3y, r3z) )
Ω3(-r2x, r2y, r2z; -r3x, r3y, r3z) etc.

Ω3(r2x, r2y, r2z;r3x, r3y, r3z) )
Ω3(r2y, r2x, r2z;r3y, r3x, r3z) etc.

|r2x| + |r2y| + |r2x| e n + m (21a)

|r3x| + |r3y| + |r3z| e n + m (21b)

|r3x - r2x| + |r3y - r2y| + |r3z - r2z| e 2n (21c)

Modulo(r2x + r2y + r2z, 2) ) Modulo(n + m, 2) (21d)

Modulo(r3x + r3y + r3z, 2) ) Modulo(n + m, 2) (21e)

Modulo(r3x + r3y + r3z - r2x - r2y - r2z, 2) )
Modulo(2n, 2) ) 0 (21f)

Ω3(r2,r3;n) ) ∑
r4

Ω2(r4;n)·Ω2(r2 - r4;m)·Ω2(r3 - r4;m)

(19)

Ω2(rx,ry,rz;n) )

∑
xj)0

n--yj

∑
yj)0

n-
n!

xj!(xj + |rx|)!yj!(yj + |ry|)!(n- - xj - yj)!(n+ - xj - yj)!

(20)
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at vector distance r from the core, which is at position
r0, i.e.,

where ri is the position of the ith monomer and δ(r) is
the delta function. Now the average monomer density
at a radial distance r from the core is

where 〈‚‚‚〉 represents an ensemble average over mono-
mer positions. Note that after taking the ensemble
average, Fj(r) becomes centrosymmetric in r; i.e., it is a
function r only. Now the Fourier transform of Fj(r) is
given by

where we have used eqs 22 and 23 to obtain the final
equality in eq 24. Given that r0 is a point on the
dendrimer (the core), in the formalism developed by
Read for calculating polymer form factors,28 ∑i∈γ〈exp(iq‚
(ri - r0))〉 is the “co-term” for all the monomers belonging
to the structural unit γ, where we are free to define our
structural units according to what is most convenient.
For the dendrimer, we choose our structural units to
be dendritic branches of generation g (see Figure 14).
Denoting Hg as the co-term of a generation g dendritic
branch, Fj(q) for the whole dendrimer is given by

where nb is the number of dendritic branches connected
to the core monomer (nb ) 3 in our case) and 1 accounts
for the co-term of the core. As we showed in ref 19, Hg
can be expressed in terms of the co-terms of dendritic
branches of lower generation (see Figure 14), i.e.,

where Hg-1 is the co-term of a dendritic branch of
generation g - 1 and H0 and G0 are respectively the
co-term and “propagator” of a spacer (i.e., a generation
0 dendritic branch). Provided we know H0 and G0,
therefore Fj(q) for the whole dendrimer can be built up

iteratively to arbitrary g using eqs 25 and 26. Calculat-
ing Fj(q) for an ideal dendrimer therefore reduces to the
problem of calculating H0 and G0.

For a spacer of m monomers, the quantities H0 and
G0 are given by

where r0 in the above formulas refer to the position of
the monomer to which the spacer is connected adjacent
to monomer 1. Assuming a Gaussian chain model for
the spacer, the above quantities can be easily calculated,
and the result is

where Q0
2 ≡ q2b2/6. Once Fj(q) has been calculated, Fj(r)

can be obtained by performing an inverse Fourier
transform. One small complication is the fact that the
core contribution to Fj(q) causes the inverse Fourier
transform to be ill-defined numerically. We therefore
remove the core contribution when doing the inverse
Fourier transform and add it back in later. The average
monomer density excluding the core monomer is given
by

where the second equality follows from the fact that
Hg(q) is centrosymmetric in q. The function Hg(q) decays
exponentially in q so that the integral after the second
equality is well-defined and can easily be calculated
numerically. Finally, the monomer density in the first
shell (adding back in the core monomer) is

while the monomer density in subsequent shells is
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